On new expanders of unbounded degree for practical applications in informatics (Presented by Corresponding Member of the NAS of Ukraine O. M. Trofimchuk)
Introduction. The reader can find missing definitions of graph theory in [1] . We assume that all graphs under consideration are simple. The girth of a graph is a minimal length of its cycle. The spectrum of a graph is formed by eigenvalues of its adjacency matrix.
We say that a family of regular graphs of bounded degree q and increasing order n has an expansion constant c, c > 0, if the inequality |∂A| c|A| holds for each subset A of the vertex set X, |X| = n, with |A| n/2. The expansion constant of the family of q-regular graphs can be estimated via the upper limit q − λ n , n → ∞, where λ n is the second largest eigenvalue of a family representative of order n.
According to the known Alon-Boppana theorem, the large enough members of an infinite family of d-regular graphs with constant d satisfy the inequality λ 2
, where λ is the second largest eigenvalue in absolute value.
This result motivates the concept of a Ramanujan graph, which is a graph of degree d with the second largest eigenvalue bounded from above by 2 √ d − 1 (see [2] ). N. Alon [3] demonstrated the importance of families of expanding graphs of unbounded degree. This class contains families of graphs of unbounded degree d i with the second largest λ i such that the upper bound of the sequence λ i /d i is bounded away from 1. We refer to such families of graphs as geometrical expanders.
We consider families of graphs G i of increasing degree k i with the second largest eigenvalue λ i such that the upper limit α of λ i /2 k i − 1 is at most 1. We refer to such families of graphs as geometrical Ramanujan graphs.
The natural examples of geometrical Ramanujan graphs are known regular generalized m-gons (m = 3, 4, 6) and their affine parts. For instance, the finite projective plane P G 2 (q) over a finite field F q (generalized 3-gon) has degree q + 1 and the second largest eigenvalue √ q. So, we can take the infinite family of classical edge transitive graphs P G 2 (p i ), where p is a fixed prime, and the integer i is unbounded, and form the family of geometrical Ramanujan graphs with α = 1/2. Our conjecture is that the minimal constant α for the family of geometrical Ramanujan graphs is α ′ = 1/2.
In fact, the known families of Ramanujan graphs of unbounded degree play an important role in the theory of finite geometries and have many practical applications, for example, in networking theory and the construction of a class of error-correcting codes (the so-called LDPC codes).
Root system and generalized polygons. One of the classes of small world bipartite graphs with additional geometric properties important for many practical applications is a class of regular generalized m-gons, i. e., regular tactical configurations of diameter m and girth 2m. For each parameter m, a regular generalized m-gon has degree q + 1 and order 2(1 + q + · · · + + q m−1 ) [4] .
, and M 3 = 2 −1 −3 2 form a complete list of 2 × 2 Cartan matrices (see [5] ). In [5] , a lattice H with basis {α 1 , α 2 }, i. e., the set {λ 1 α 1 + λ 2 α 2 |λ 1 , λ 2 ∈ Z}, was considered. For an arbitrary two-dimensional matrix A = (a i,j ) from the list above, let us introduce two linear transformations r 1 and r 2 of the lattice H given by the formula
2 = e, and (r 1 r 2 ) m = e, where m = 3, 4, 6 for k = 1, 2, 3, accordingly. These conditions are generic relations for the Weyl group W (M k ) corresponding to the 2 × 2 Cartan matrix M k (see [6] ). The set φ = {g(
We use the concept of a root system φ, which is a configuration of vectors in a Euclidean space satisfying certain geometrical properties. Given a root system φ, we can always choose a set of positive roots φ
where φ − a set of negative roots), in a fixed basis. For generalized regular m-gons, we have φ
An element of φ + is called a simple root if it cannot be written as the sum of two elements of φ + . α 1 , α 2 are called simple roots. To determine remaining elements of the set φ + , we use the linear operators r 1 and r 2 . Originally in [7] , α * 1 , α * 2 were linear functionals defined on H and given by the formula
+ is a positive root. Let ∆ = ς ⊕ L be the direct sum of ς and L, ς being the vector space of formal linear combinations aα * 1 +bα * 2 , where a and b are elements from F q . L is the set of all linear combinations of the form α∈φ + t α α and t α ∈ F q . λ, µ ∈ φ + , and the bilinear product ·, · : ∆ × ∆ → ∆ is defined as follows:
Here, r is an integer uniquely determined by the condition µ − rλ ∈ φ, µ − (r + 1)λ / ∈ φ.
The generalized polygon P m (m = 3, 4, 6) can be embedded into ∆ in a way such that (p)I[l], (p)I[l] ∈ P m implies p, l = 0 for sufficiently large char F q (see [6] ).
More general constructions [7, 8] allow one to get the interpretation of the geometries of Shevalley groups over finite fields of "sufficiently large characteristic" and some new incidence systems.
New constructions. Ramanujan graphs and expanders. To create graphs, which have interesting properties, we can use the root system and a special binary operation. We choose simple roots α 1 , α 2 and then the remaining n − 2 elements, by making up the n-element set φ + n . The third element is the sum of simple roots α 1 + α 2 . The following elements can be obtained by a simple addition of the element α 1 or α 2 to the one of the already chosen non-simple roots. Obviously, there is only one 3-element set φ
consisting of four elements can be chosen by two ways: {α 1 , α 2 , α 1 + α 2 , 2α 1 + α 2 } and {α 1 , α 2 , α 1 + α 2 , α 1 + + 2α 2 }, but they are symmetric and give the same results. There are three ways to choose nonsymmetric sets φ
5 cannot be obtained, by using linear transformations r 1 , r 2 and any Cartan matrix. In this article, we only consider cases for n = 3, 4, 5. In our construction, we simplify the concept and define α * 1 , α * 2 as follows:
Here, sα 1 + tα 2 ∈ φ + is a positive root. Let ∆ = ς ⊕ L be the direct sum of ς and L as above, λ, µ ∈ φ + , let a and b be elements from F q , and let us redefine the binary operation ·, · : ∆ × ∆ → ∆:
where i, j = 1, 2. We use the operators defined above to simplify our concept. Before the determination of incidence relations, we describe the set of vertices. Let Γ(n, φ + n , F q ) denote a bipartite graph obtained, by using the n-element set φ + n , scalars from F q , and the binary operator ·, · . Traditionally in geometrical bipartite graphs, one set of vertices is called a set of points P , and another set of vertices is called a set of lines L.
First, let us consider an ordinary n-gon as a bipartite graph with the vertex set
We can write the incidence relation I in an n-gon as follows:
The line is incident with a point if this point belongs to the line.
Let a vertex of the type t i be defined as a vertex corresponding to the i-element subset of φ + n , i = 0, 1, 2, . . . , n − 1, and let A i , B i denote i-element closed subsets of φ + n . We create two ascending sequences of closed subsets of φ + n . The second element of the first sequence is {α 1 }, and the second element for the second sequence is {α 2 }:
For bigger n, the set φ + n has more roots, and the above sequences can be chosen in many ways. Now, choosing elements from these two sequences alternately, we create a set of points and a set of lines. For lines, we choose the sets B 0 = {∅}, A 1 = {α 2 }, B 2 , A 3 , . . . , φ + n \ {α j }. For points, we choose A 0 = {∅}, B 1 = {α 1 }, A 2 , B 3 , . . . , φ + n \ {α i }, where i = 1 and j = 2 if n is odd and i = 2 and j = 1 if n is even. The number of vertices in the obtained graph Γ(n, φ
The graph is bipartite V = P L, and the set V consists of 2 elements of type t 0 -( (1) 
This construction allows us to obtain new structures similar in some aspects to generalized regular polygons, but with different properties, in general. It is easy to see that this is a symmetric incidence relation (the graphs are simple). For n = 3, this construction yields a projective plane, which is commonly known. For n = 4, the set of roots is the same as for a generalized quadrangle, but we obtain two structures with different properties. For n = 5, the set φ + 5 cannot be derived from the Cartan matrix, and we obtain over a dozen of new structures with different properties.
In Table 1 , we present the incidence relations for graph Γ(4, φ + 4 , F q ) when the sequences of closed sets are:
For these sequences, we obtain better results than for the second possibility, λ 1 = 3q.
We checked every possibility to create the ascending sequences of closed subsets of φ + 5 . For some of them, we obtained λ 1 = 2 √ q. But, for Γ(5, {α 1 }, {α 1 +α 2 }, {2α 1 +α 2 }, {α 1 +2α 2 }, F q ) and Table 1 . Incidence relations for graph Γ(4, φ Table 2 . Incidence relations for graph Γ(5, φ 
results are the best with λ 1 < 2 √ q. We present the incidence relations for these choices of sequences in Table 2 . Table 3 and Table 4 contain results for the second largest eigenvalue λ 1 for the graphs described in Tables 1 and 2 , accordingly. In addition, we consider the case where we use a ring Z 2r (r ∈ Z + ) and modulo operations instead of the number field F q . Note that the vertex ((m), α *
, where α i is a simple root and α 3 , α 4 are nonsimple roots, can be identified with ((m), p 1 , p 2 , p 3 ) to simplify the notation of incidence relations.
We announce the following statement. Theorem 1. Graphs Γ(4, φ + , F q ) for an arbitrary prime power q have girth 6. The incidence graph of the geometry of a simple group of the Lie type B 2 (q) is not isospectric to Γ(4, φ + , F q ). 
+ , F q ) have girth 8 for an arbitrary prime power q. Based on the results contained in Tables 3 and 4 , we formulate the following conjectures. Conjecture 1. Graphs Γ(4, φ + , F q ) for an arbitrary prime power q > 2 are (q + 1)-regular Ramanujan graphs with λ 1 = 3q.
Conjecture 2. Graphs Γ(4, φ + , Z 2r ) for arbitrary r ∈ Z + are (2r + 1)-regular expander graphs with constant spectral gap |2r + 1 − λ 1 | = 1.
Conjecture 3. If φ + 5 = {α 1 , α 2 , α 1 + α 2 , 2α 1 + α 2 , α 1 + 2α 2 }, and the sequences of closed sets are {α 1 } ⊂ {α 1 , 2α 1 + α 2 } ⊂ {α 1 , 2α 1 + α 2 , α 1 + α 2 } ⊂ {α 1 , 2α 1 + α 2 , α 1 + α 2 , α 1 + 2α 2 }, {α 2 } ⊂ {α 2 , α 1 +2α 2 } ⊂ {α 2 , α 1 +2α 2 , α 1 +α 2 } ⊂ {α 2 , α 1 +2α 2 , α 1 +α 2 , 2α 1 +2α 2 }, then, for an arbitrary prime power q, graphs Γ(5, φ + , F q ) are (q+1)-regular Ramanujan graphs, and λ 1 2 √ q.
4. On the comparison with Moore graphs of girth 8. Let v(2m, k + 1) be the minimal order of a (k+1)-regular graph of girth 2m. Then v(2m, k+1) 2(1+k+k 2 +· · ·+k m−1 ) (see [9] ). In fact, the graphs Γ(4, φ + , F q ) have some similarity with Moore cages of girth 8 and degree q + 1. Really, |V (Γ(4, φ + , F q ))| = 2(1 + q + q 2 + q 3 ) = v(q + 1, 8). As is known, the cages with such parameters are regular generalized 4-gons of degree q + + 1. They are Ramanujan graphs. We produce another family of Ramanujan graphs of order v(q + 1, 8). Girth 6 indicates that our graphs are not isomorphic to Moore graphs. The tables demonstrate that the graphs from these two families of the same order and degree are not isospectric.
